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semicircular system $W^{*}$ $\mathcal{M}$ , free group factor
Sobolev $W_{n}^{p}(1<p<\infty,n\in \mathbb{Z})$ ${ }$
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$S$ Schwartz distribution $S’$
$S’$ $\mathcal{M}$
Gaussian system Malliavin analysis
ffee probability analog free




$(\mathcal{M},\tau)$ $W^{*}$ probability space, $\mathcal{M}$ finite $W^{*}$ , $\tau$ faithful normal
tracial state $\{s: : i\in I\}\subset \mathcal{M}$ semicircular system, $I$ ,
$s:(i\in I)$ $\tau$ semicircular free independent
$\mathcal{M}$ $\{1\}\cup\{s: : i\in I\}$
$(\mathcal{M}, \mathcal{T})\cong(\star:\epsilon IW^{*}(\{1, s:\}),\star:\in I^{\mathcal{T}|_{W^{*}(\{1_{\mathit{8}}:\})})\cong(\mathcal{L}(\mathrm{F}_{N}),\langle\cdot l_{e},l_{e}\rangle)},\cdot$
$\star$ $W^{*}$ free product, $\mathcal{L}(\mathrm{F}_{N})$ $N$ free group factor $N=\mathrm{c}\mathrm{a}\mathrm{r}\mathrm{d}$ $I$ ,
$\langle\cdot l_{e}, l_{e}\rangle$ free group faithful normal tracial $\mathrm{s}\mathrm{t}\mathrm{a}\mathrm{t}\mathrm{e}_{\text{ }}$ $\{1\}\cup\{s$: : $i\in$
I}. *-subalgebra $P$ faithful normal state free
product free product closer $P\cong \mathbb{C}\langle X_{1}$. : i\in D
$\mathbb{C}\langle X: : i\in I\rangle$ $s:(i\in I)$ $X_{1}$.
$T_{n}(X)$ $\mathrm{n}$ $(n\geq 0)$ 2 Chebyshev ( $T_{0}(X)=1,T_{1}(X)=X$
$T_{n+1}(X)\equiv XT_{n}(X)-T_{n-1}(X)(n\geq 1)$ )
$(n\geq 0, i_{j}\in I(1\leq j\leq n),$ $m_{j}\geq 0(1\leq j\leq n))$
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$T\mathfrak{a}\equiv 1$ $\{T_{i_{1}i_{2}\cdots i_{n}} : n\geq 0, i_{j}\in I(1\leq j\leq n)\}$ $\prime p$
linear basis $L^{2}(\mathcal{M}, \tau)$ CONS $P_{n}\equiv \mathrm{s}\mathrm{p}\{T_{i_{1}i_{2}\cdots i_{n}}$ : $ij\in$
$I(1\leq j\leq n)\}(n\geq 0)$ $P_{n}(n\geq 0)$ $L^{2}(\mathcal{M}, \tau)$
$L$ $domL=P,$ $L(x)=nx$ (for $x\in P_{n}$ ) $-\overline{L}^{L^{2}(\lambda 4,\tau)}$
selfadjoint Ornstein-Uhlenbeck Laplacian $L$
Ornstein-Uhlenbeck Laplacian J $L^{2}(\mathcal{M}, \tau)$ contraction
semigroup $\exp(-\overline{L}^{L^{2}(\Lambda 4,\tau)}t)(t\geq 0)$ $\mathcal{M}\subset L^{2}(\mathcal{M}, \tau)$ global invariant
$\exp(-\overline{L}^{L^{2}(\Lambda 0,\tau)}t)|_{\lambda 4}(t\geq 0)$ $\mathcal{M}$ $\tau$-preserving(normal)unital complete positive
semigroup Ornstein-Uhlenbeck semigroup $\mathcal{M}$
2Sobolev $W_{n}^{p}(1<p<\infty, n\underline{>}0)$ $C^{\infty}$ $S$
Definition2.1 $x\in P$
$||x||_{W_{n}^{p}}\equiv||x||_{L^{p}(\lambda 4,\tau)}+||L^{\frac{1}{2}}x||_{L^{p}(\lambda\Lambda,\tau)}+\cdots+||L^{\frac{n}{2}}x||_{L^{\mathrm{p}}(\mathrm{A}4,\tau)}$
Sobolev $W_{n}^{p}(1<p\leq\infty, n\geq 0)$ norm
$||\cdot||_{L}\infty(\lambda 4,\tau)$ $\mathcal{M}$ C’ norm If $($M, $\tau)$ If
Definition2.2 $P$ $W_{n}^{p}$ norm $(1 <p\leq\infty, n\geq 0)$ .Sobolev
$W_{n}^{p}(1<p<\infty, n\geq 0)$
$W_{0}^{p}$ $(1<p<\infty)$ $L^{p}(\mathcal{M}, \tau)$
$1<p<p’<\infty$ $0\leq n<n’$ $P$ (with $W_{n}^{p’}$ norm.)
$P$ (with $W_{n}^{p}$ norm) $\iota_{p,p}^{n},$ , $P$ (with $W_{n}^{p}$, norrn) $P$ (with
$W_{n}^{p}$ norm) $\iota_{n’,n}^{p}$ $W_{n}^{p^{l}}$ $W_{n}^{p}$ , $np$, $W_{n}^{p}$
$\iota_{p,p}^{\neg l}$
, $\iota_{n’,n}*$
Proposition 2.3 [ [ injective Sobolev $W_{n}^{p}(1<$
$p<\infty,$ $n\geq 0)$ $L^{1}(\mathcal{M}, \tau)$
$\subset\subset$
4
$L^{\infty}\equiv \mathcal{M}$ $\subset\subset$ $W_{0}^{p}=L^{p}$ $\subset\subset$ $W_{0}^{2}=L^{2}$ $\subset\subset$ $W_{0}^{p}=L^{p}$ $\subset\subset$ $L^{1}$
$(2<p<\infty)$ $(1<p<2)$
$\cup\cup$ $\cup\cup$ $\cup\cup$
$W_{1}^{p}$ $\subset\subset$ $W_{1}^{2}$ $\subset\subset$ $W_{1}^{p}$
$\cup\cup$ $\cup \mathrm{U}$ $\cup\cup$
$W_{2}^{p}$ $\subset\subset$ $W_{2}^{2}$ $\subset\subset$ $W_{2}^{p}$
$\cup \mathrm{U}$ $\cup \mathrm{U}$
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$n\geq 0$ Sobolev $W_{n}^{p}(1<p<\infty)$ projective limit $W_{n}^{\cap}$ $W_{n}^{\cap}(n\geq 0)$
projective limit $S$
Proposition 2.4 $W_{n}^{\cap}(n\geq 0)$ $Mhet*$-algebra $W_{n}^{\cap}(n\geq 0)$
$*$ -operation t
$S$ $hechet*$ -algebra
Proposition $S$ $C^{\infty}$ Proposition 23 2.4
Proposition 35
Proposition 2.5 (Sobolev ) $C \equiv(\sum_{n\geq 1}^{\infty}(_{n^{2}}^{\underline{n}\pm\underline{1}})^{2})^{\frac{1}{2}}$ $x\in P$
$||x||_{W_{n}^{p}}\leq C||x||_{W^{2}}.*+n$’($n\geq 0,n’\geq 4$,1<P\leq \otimes ) $W_{n+n’}^{2}\Subset W_{n}^{p}(n\geq$
$0,n’\geq 4$ , l<p<\otimes )
$A\equiv C^{*}(\{1\}\cup\{s: : i\in I\})$ $A$ $W_{0}^{\infty}$ Proposition
2.5 3 Corollary
Corollary 2.6 (Sobolev ) $W_{4}^{2}$ $A$ W42\Subset A
Corollary 2.7 $C^{\infty}$ $S$ $W_{n}^{2}(n\geq 0)nom$
Corollary 2.8 $C^{\infty}$ $S$ nucl\mbox{\boldmath $\alpha$} space
3We $D$
$I^{(2)}\equiv I\cup$ copy of $I,$ $\mathcal{M}^{(2)}\equiv W^{*}(\{1\}\cup\{s: : i\in I^{(2)}\})$ $\mathcal{M}\subset \mathcal{M}^{(2)}$
$\mathcal{M}^{(2)}$ $\mathcal{M}$ $P$ bimodule $\{s: : i\in I^{(2)}\}$
$*$-subalgebra $P^{(2)}$ $\mathcal{M}^{(2)}$ Ornstein-Uhlenbeck Laplacian
$L^{(2)}$ , tracial normal state $\tau^{(2)}$ $C^{\infty}$ S(2 $\text{ }$ $i\in I$
$i+N\equiv \mathrm{c}\mathrm{o}\mathrm{p}\mathrm{y}$ of $i\in \mathrm{c}\mathrm{o}\mathrm{p}\mathrm{y}$ of $I$
Deflnition 3.1 $\mathcal{M}\mathrm{B}^{\mathrm{a}}\text{ }\mathrm{b}P$ bimodule $\mathcal{M}^{(2)}\wedge \text{ }$ derivation $D\text{ }dmD=P\mathrm{B}^{\mathrm{a}}D$
$D(s:)=s:+N(i\in I)$ weak de vation
weak derivation $D$ m $D=P$ Definition 3.1
well-defined
Lemma 3.2 $D(T_{1}.: \ldots:_{\hslash})12=\sum_{k=1}^{n_{T_{\dot{l}_{1}}}}:_{2}\cdots:_{k}+N\cdots|.\mathfrak{n}(n\geq 0, ij\in I(1\leq j\leq n))$
$i\in \mathrm{c}\mathrm{o}\mathrm{p}\mathrm{y}$ of $I$ $i-N\equiv \mathrm{o}\mathrm{r}\mathrm{i}\mathrm{g}\mathrm{i}\mathrm{n}\mathrm{a}\mathrm{l}$ of $i\in I$ $D_{dual}$ :
$P^{(2)}arrow P$ $n\geq 0,$ $i_{j}\in I^{(2)}(1\leq j\leq n)$
$D_{dual}(T_{11}.:_{21}\ldots\cdot \mathfrak{n})=\{$
$T_{\dot{l}_{12\mathrm{j}}}:\cdots\dot{l}-N\cdots|.\mathfrak{n}$ if $\exists jij\in \mathrm{c}\mathrm{o}\mathrm{p}\mathrm{y}$ of I and $i_{k}\in I(k\neq j)$ ,
0 otherwise
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Lemma 3.3 $x\in P,$ $y\in P^{(2)}$
$\tau^{(2)}(y^{*}D(x))=\tau(D_{dual}(y^{*})x)$ .
$D$ $L^{p}(\mathcal{M}, \tau)$ $If(\mathcal{M}^{(2)}, \tau^{(2)})(1<p<\infty)$ closable




$\oplus_{i=1}^{\infty}P_{i}$ $||\cdot||_{L^{2}(\Lambda l,\tau)},$ $||\cdot||_{L^{2}(\lambda 4}(2),\tau(2))$ isometry $L^{-\frac{1}{2}}$
$L$ $\overline{L}^{L^{2}(\lambda 4,\tau)}$ functional calculus
$IP$
Proposition 3.5 $1<p<\infty$ $DL^{-\frac{1}{2}}$ : $L^{p}(\mathcal{M}, \tau)arrow L^{p}(\mathcal{M}^{(2)}, \tau^{(2)})$ $\oplus_{\dot{\iota}=1}^{\infty}P_{\dot{l}}$
Corollary
Corollary 3.6 $P_{-}\mathrm{h}||L^{\frac{n}{2}}\cdot||_{L^{p}(\Lambda 4,\tau)}\sim||(L^{(2)})^{\frac{n-1}{2}}D\cdot||_{L^{p}(\lambda 4}(2),\tau(2))(1<p<\infty, n\leq 1)_{\text{ }}$
Corollary 3.7 $D$ : $Sarrow S^{(2)}$
Corollary 3.8 $x\in P$ $||x||_{W_{1}^{p}}\sim||x||_{L^{p}(\Lambda 4,\tau)}+||D(x)||_{L^{\mathrm{p}}(\mathcal{M}\tau)}(2),(2)(1<p<$
$\infty)$ ($\overline{D}^{L^{p}}\mathit{0}2$ graph $nom$)
$I^{(3)}\equiv I^{(2)}$Ucopy of $I^{(2)},$ $I^{(4)},$ $\cdots,\mathcal{M}^{(3)},$ $\mathcal{M}^{(4)},$ $\cdots,D^{(2)},$ $D^{(3)},$ $\cdots$ $\mathcal{M}^{(1)}\equiv$
$\mathcal{M},$ $D^{(1)}\equiv D,$ $\cdots$
Proposition 3.9 $1<p<\infty,$ $n\geq 1$ $x\in P$ $||x||_{W_{n}^{p}}$ $||x||_{L^{\mathrm{p}}(\mathcal{M}\tau)}(1),(1)+$
$||D^{(1)}(x)||_{L^{\mathrm{p}}(\mathcal{M}(2)},\tau^{(2)})+\cdots+||D^{(n)}D^{(n-1)}\cdots D^{(1)}(x)||_{L^{p}(\tau^{(n+1)})}\mathcal{M}^{(n+1)}$,
$D^{(n+1)}D^{(n)}D^{(n-1)}\cdots D^{(1)}$ : $P^{(1)}$ (with $||\cdot||_{L^{\mathrm{p}}(\tau)}\mathcal{M}^{(1),(1)}+||D^{(1)}(\cdot)||_{L^{\mathrm{p}}(\mathcal{M}^{(2)}},\tau^{(2)}$) $+\cdots+$
$||D^{(n)}\cdot D^{(n-1)}\cdots D^{(1)}(\cdot)||_{L^{\mathrm{p}}(\tau^{(n+0)}}\mathcal{M}^{(n+0}$, $norm)arrow P^{(n+2)}$ (with $||\cdot||_{L^{\mathrm{p}}(\Lambda 4^{(n+2)}},\tau^{(\mathfrak{n}+2)}$) $nom)$
$|\mathrm{h}closable_{\text{ }}$
4Schwartz Distribution $s’$
Definition 4.1 $S$ $\mathrm{g}^{\text{ }}$ #\Re Schwanz distribution $S’$ $S’$
$S$
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$W_{n}^{p}(1<p<\infty, n\geq 0)$ $\hat{W}_{-n}^{q}(1<q<\infty, n\geq 0)$
$q$ $p$ $()’$ dual
$1<p<p’<\infty$ $0\leq n<n’$ $\iota_{p,p}^{\neg\iota}$, $\iota_{n’,n}*$ dense
$\overline{\iota_{q,q}}^{n},$
$\equiv(\overline{\iota_{p’,p}}^{n})’$ : $\hat{W}_{-n}^{q}arrow\hat{W}_{-n}^{q’}$ a $\iota_{-n,-n’}\triangleleft\equiv(\overline{\iota}_{n’,n}^{\varphi})’$ :







$\subset\subset$ $\hat{W}_{-2}^{2}$ $\subset\subset$ $\hat{W}_{-2}^{q}$













$ff= \bigcup_{1<q<\infty,n\geq 0}\hat{W}_{-n}^{q}$ Corollary 2.7
$S’$ $=$ $\bigcup_{n=0}^{\infty}$ { $W_{n}^{2}$ norm continuous linear function on $S$} (inductive limit)
$=$ inductive $\lim_{n\geq 0}\hat{W}_{-n}^{2}$
$L^{\mathrm{p}}(\mathcal{M}, \tau)(1<p<\infty)$ duality $W_{0}^{p}=L^{p}(\mathcal{M}, \tau)(1<p<\infty)$









$W_{-2}^{p}$ $\Subset$ $W_{-2}^{2}$ $\subset\subset$ $W_{-2}^{p}$
$\cup\cup$ $\cup\cup$
$W_{-1}^{p}$ $\Subset$ $W_{-1}^{2}$ $\Subset$ $W_{-1}^{p}$
$\cup\cup$ $\cup \mathrm{U}$
$\mathcal{M}$
$\subset\subset$ $W_{0}^{\cap}$ $\subset\subset$ $W_{0}^{p}=L^{p}$ $\Subset$ $W_{0}^{2}=L^{2}$ $\Subset$ $W_{0}^{p}=L^{p}$ $\Subset$ $L^{1}$
$(2<p<\infty)$ $(1<p<2)$
(1)
$\mathrm{u}\cup$ $\cup \mathrm{U}$ $\cup \mathrm{U}$
$W_{1}^{\cap}$ $\subset\subset$ $W_{1}^{p}$ $\Subset$ $W_{1}^{2}$ $\subset\subset$ $W_{1}^{p}$
$\cup \mathrm{U}$ $\cup \mathrm{U}$ $\cup \mathrm{U}$
$W_{2}^{\cap}$ $\subset\subset$ $W_{2}^{p}$ $\subset\subset$ $W_{2}^{2}$ $\Subset$ $W_{2}^{p}$
.$\cdot$. .$\cdot$. .$\cdot$. .$\cdot$.
$\cup\cup$
$S$
$\otimes_{n=0}^{\infty}\overline{P}_{n}^{L^{2}(\mathcal{M},\tau)}$ (product topology) $H_{n}^{2}---\{x=$
$(x_{0}, x_{1}, \cdots, x_{n}, \cdots)\in\otimes_{n=0}^{\infty}\hat{P}_{n}^{L^{2}(\lambda 4,\tau)}$ : $\sum_{i=0}^{\infty}(1+i)^{\frac{n}{2}}||x_{i}||_{L^{2}(\mathcal{M},\tau)}^{2}<\infty\}(n\in \mathbb{Z})$
$n<n’$ $H_{n}^{2}$ , $H_{n}^{2}$ $\kappa_{n’,n}$
(1) $W_{n}^{2},$ $\subset\subset W_{n}^{2}$ $\iota_{n’,n}$
Proposition 4.2 ($S’$ ) $n<n’$ $\kappa_{n’,n}$ : $H_{n}^{2},$ $arrow H_{n}^{2}$ $\iota_{n’,n}$ : $W_{n}^{2},$ $arrow W_{n}^{2}$
$S’$ $\otimes_{n=0}^{\infty}\overline{P}_{n}^{L^{2}(\lambda 4,\tau)}$ $\{x=(x_{0}, x_{1}, \cdots, x_{n}, \cdots)\in$
$\otimes_{n=0}^{\infty}\overline{P}_{n}^{L^{2}(\mathcal{M},\tau)}$ .
$\exists n\in \mathbb{Z}\sum_{i=0}^{\infty}(1+i)^{\frac{n}{2}}||x_{i}||_{L^{2}(A4,\tau)}^{2}<\infty\}_{\text{ }}S$
$\otimes_{n=0}^{\infty}\overline{P}_{n}^{L^{2}(\Lambda 4,\tau)}$
{ $x=(x_{0}, x_{1}, \cdots, x_{n}, \cdots)\in\otimes_{n=0}^{\infty}\overline{P}_{n}^{L^{2}(\mathcal{M},\tau)}$ : $\forall n\in \mathrm{N}\sum_{i=0}^{\infty}(1+$
$i)^{\frac{n}{2}}||x_{i}||_{L^{2}(\mathcal{M},\tau)}^{2}<\infty\}$ $x=(x_{0}, x_{1}, \cdots, x_{n}, \cdots)\in$
$\otimes_{n=0}^{\infty}\overline{P}_{n}^{L^{2}(\mathcal{M},\tau)}\in S’$
$\tilde{x}_{n}\equiv\sum_{i=0}^{n}x_{i}$ $narrow\infty$ $x$ $P$
$S’$ dense
5 $C^{\infty}$ Vector Field
$N=\mathrm{c}\mathrm{a}\mathrm{r}\mathrm{d}I<\infty$ $P$ $k=$
$(k_{1}, k_{1}, \cdots, k_{N})\in\oplus_{N}S$ $dom\delta_{k}=P,$ $\delta_{k}(s_{i})=k_{i}(i\in I)$ $S$
derivation $\delta_{k}$ $S$ derivation $C^{\infty}$ vector field
$C^{\infty}$ vector field $\oplus_{N}S$ $\{T_{i_{1}i_{2}\cdots:_{n}}(n\geq$
$0,$ $ij\in I(1\leq j\leq n))$ : $\exists 1\leq j\leq ni_{j}\in$ copy of $I$ and $i_{k}\in I(k\neq i)\}\subset S^{(2)}$
$D$ $P$ subbimodule $P$ subbimodule $D$ $P$ bimodule $S$
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$m_{k}(\ovalbox{\tt\small REJECT}_{\ovalbox{\tt\small REJECT} N})\ovalbox{\tt\small REJECT} k_{\ovalbox{\tt\small REJECT}}(i\in I)$ bimodule $\mathrm{m}\mathrm{a}\mathrm{p}-$ $\delta,$ $\ovalbox{\tt\small REJECT} m’ D$
$\mathcal{P}$ subbimodule $\mathcal{D}$ $\mathcal{P}$
Proposition 5.1 $m_{k}$ : $D$ (with $S^{(2)}$ topology)\rightarrow S (with $S$ topology)
$C^{\infty}$ vector field $\delta_{k}$ $S\mathrm{m}$
$(\delta_{k})’$ : $Sarrow S$
Proposition 5.2 $\delta_{k}$ $\tau$ -poese $ng$ $(\delta_{k})’|p=\delta_{k}|p$
$\delta_{k}$ $S$
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